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Abstract
Let J˜ be a commutative family of nonexpansive mappings of a closed convex subset C of a reflexive
Banach space X such that the set of common fixed point is nonempty. In this paper, we suggest and analyze
a new viscosity iterative method for a commutative family of nonexpansive mappings. We also prove that the
approximate solution obtained by the proposed method converges to a solution of a variational inequality.
Our method of proof is simple and different from the other methods. Results proved in this paper may be
viewed as an improvement and refinement of the previously known results.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
Variational inequality theory has emerged as an important tool in studying a wide class of
obstacle, unilateral, free, moving, equilibrium problems arising in several branches of pure and
applied sciences in a unified and general framework. This field is dynamics and is experiencing an
explosive growth in both theory and applications. As a consequence of this, research techniques
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for solving variational inequalities and related optimization problems, see [1] and the references
therein. Closely related to this field is the problem of finding a common fixed point of a given
family of operators. In this direction, several iterative methods have been developed for these
problems, see [2–19]. In recent years, viscosity approximation methods have been developed
for finding the approximate solutions of the family of operators. This approach is mainly due to
Moudafi [17]. See also Xu [18]. In this approach, one tries to show that the approximate solution
converges to a solution of certain variational inequality.
Inspired and motivated by the research work going on in these fields, we consider and ana-
lyze a new viscosity method for finding the common fixed point of a family of operators in the
reflexive Banach spaces. We also show that the approximate solution converges to a solution of
variational inequality under some mild conditions. It can be shown that our method includes sev-
eral previously known methods as special cases of our results. In fact, our results can be viewed
as significant improvement and refinement of the results of Halpern [3], Lions [4], Reich [5], Xu
[18], Moudafi [17] and many others.
Let C be a nonempty closed convex subset of a real Banach space X. Recall that a self-
mapping f :C → C is a contraction on C if there exists a constant α ∈ (0,1) such that∥∥f (x)− f (y)∥∥ α‖x − y‖, ∀x, y ∈ C.
We use ΠC to denote the collection of all contractions on C. That is, ΠC = {f : f :C → C
a contraction}.
Let D be a nonempty subset of C. A retraction from C to D is a mapping Q :C → D such
that Qx = x for all x ∈ D. A retraction Q from C to D is nonexpansive if Q is nonexpansive
(i.e., ‖Qx − Qy‖  ‖x − y‖ for x, y ∈ C). A retraction Q from C to D is sunny if Q satisfies
the property: Q(Qx + t (x − Qx)) = Qx for x ∈ C and t > 0 whenever Qx + t (x − Qx) ∈ C.
A retraction Q from C to D is sunny nonexpansive if Q is both sunny and nonexpansive.
It is well known that in a smooth Banach space X, a retraction Q from C to D is a sunny
nonexpansive retraction from C to D if and only if the following inequality holds:〈
x −Qx,J (y −Qx)〉 0, ∀x ∈ C, ∀y ∈ D. (1)
If C is a nonempty closed convex subset of a Hilbert space H , then the nearest point projection
PC from H to C is the sunny nonexpansive retraction. This however is not true for Banach spaces.
It is known that if C is a closed convex subset of a uniformly smooth Banach space X and there
is a nonexpansive retraction from X to C, then there exists a sunny nonexpansive retraction from
X to C.
Let G be an unbounded subset of R+ such that s + t ∈ G whenever s, t ∈ G (often G = N ,
the set of nonnegative integers or R+). Let X be a smooth Banach space, C a nonempty closed
convex subset of X, and J˜ = {Ts : s ∈ G} a commutative family of nonexpansive self-mappings
of C. Denote by F the set of common fixed point of J˜ , i.e., F = {x ∈ C: Tsx = x, s ∈ G}.
Throughout this paper we always assume that F is nonempty.
In this paper, we consider and analyze the following new viscosity iterative method for a
commutative family of nonexpansive mappings:
Algorithm 1. For f ∈ ΠC,x0 ∈ C and {αn}, {βn} and {γn} are three sequences in (0,1) and
{rn} is a sequence in G. We define a sequence {xn} recursively by the following explicit iterative
algorithm:
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If the family J˜ consists of a single nonexpansive mapping, then Algorithm 1 reduces to the
following algorithm of Benavides, Acedo and Xu [11]:
Algorithm 2. Take a sequence {rn} in G and a sequence {αn} in the interval [0,1]. Starting
with an arbitrarily initial x0 ∈ C, we define a sequence {xn} recursively by the following explicit
iterative algorithm
xn+1 = αnu+ (1 − αn)Trnxn, n 0, (3)
where u is an arbitrary but fixed. For the convergence analysis of Algorithm 2, see [11].
First, in this paper we prove that as s → ∞, zs converges strongly to a common fixed point of
{Ts}s∈G in a reflexive Banach space with a uniformly Gâteaux differentiable norm, where
zs = αsf (zs)+ (1 − αs)Tszs .
Then we establish the strong convergence of the sequence {xn} generated by (2) under some
control conditions in a reflexive Banach space with a uniformly Gâteaux differentiable norm and
a weakly sequentially continuous duality mapping. Moreover, we show that these strong limits
are solutions of certain variational inequality.
2. Preliminaries
Before starting the main results of this paper, we include some lemmas.
Lemma 1. [12] Let E be a real Banach space. Then for all x, y ∈ E
‖x + y‖2  ‖x‖2 + 2〈y, j (x + y)〉,
for all j (x + y) ∈ J (x + y).
Lemma 2. (See [6]) Let {xn} and {yn} be bounded sequences in a Banach space X and let
{αn} be a sequence in [0,1] with 0 < lim infn→∞ αn  lim supn→∞ αn < 1. Suppose xn+1 =
αnxn + (1 − αn)yn for all integers n  0 and lim supn→∞(‖yn+1 − yn‖ − ‖xn+1 − xn‖)  0.
Then, limn→∞ ‖yn − xn‖ = 0.
Lemma 3. [13] Let X be a reflexive Banach space, C a nonempty closed convex subset of X and
T :C → X be a nonexpansive mapping. Suppose that X admits a weakly sequentially continuous
duality mapping. Then the mapping I − T is demiclosed on C, where I is the identity mapping.
Lemma 4. [14] Let {an} be a sequences of nonnegative real numbers satisfying the property
an+1  (1 − sn)an + sntn, n 0,
where {sn} ⊂ (0,1) and {tn} are such that
(i) ∑∞n=0 sn = ∞,
(ii) either lim supn→∞ tn  0 or
∑∞
n=0 |sntn| < ∞.
Then {an} converges to zero.
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Gâteaux differentiable norm and {xn} be a bounded sequence in X. Let LIM be a Banach limit
on l∞ and p ∈ C. Then
LIM‖xn − p‖2 = min
y∈C LIM‖xn − y‖
2,
if and only if
LIM
〈
x − p,J (xn − p)
〉
 0,
for all x ∈ C, where J be the duality mapping of X.
3. Main results
Using some control conditions, we study convergence results for a commutative family of
nonexpansive mappings and a contraction in a Banach space.
Theorem 1. Let C be a nonempty closed convex subset of a reflexive Banach space X with a
weakly sequentially continuous duality mapping. Let {αn}, {βn} and {γn} are three sequences in
(0,1) and {rn} is a sequence in G. Let {αn} satisfies the control conditions (C1), (C2). Assume
(i) αn + βn + γn = 1;
(ii) 0 < lim infn→∞ βn  lim supn→∞ βn < 1;
(iii) rn → ∞;
(iv) J˜ is a semigroup (i.e., TrTs = Tr+s for r, s ∈ G) and satisfies the uniformly asymptotically
regularity condition
lim
r∈G,r→∞ sup
x∈C˜
‖TsTrx − Trx‖ = 0, uniformly in s ∈ G, (UARC)
where C˜ is any bounded subset of C. If there exists Q(f ) ∈ F which solves the variational
inequality〈
(I − f )Q(f ), J (Q(f )− p)〉 0,
then the sequence {xn} generated by (2) converges strongly to Q(f ) ∈ F .
Proof. We proceed with the following steps.
Step 1. {xn} is bounded. As a matter of fact, for p ∈ F , we have
‖xn+1 − p‖ =
∥∥αnf (xn)+ βnxn + γnTrnxn − p∥∥
 αn
∥∥f (xn)− p∥∥+ βn‖xn − p‖ + γn‖Trnxn − p‖
 αn
∥∥f (xn)− f (p)∥∥+ αn∥∥f (p)− p∥∥+ βn‖xn − p‖ + γn‖xn − p‖
 ααn‖xn − p‖ + (1 − αn)‖xn − p‖ + αn
∥∥f (p)− p∥∥
= [1 − (1 − α)αn]‖xn − p‖ + αn∥∥f (p)− p∥∥.
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‖xn − p‖max
{
‖x0 − p‖, ‖f (p)− p‖1 − α
}
, n 0.
Hence, it follows that {xn} is bounded, and so are {Trnxn} and {f (xn)}.
Step 2. limn→∞ ‖xn+1 − xn‖ = 0.
Define a sequence {xn} by
xn+1 = βnxn + (1 − βn)yn. (4)
Then we observe that
yn+1 − yn = xn+2 − βn+1xn+11 − βn+1 −
xn+1 − βnxn
1 − βn
= αn+1f (xn+1)+ γn+1Trn+1xn+1
1 − βn+1 −
αnf (xn)+ γnTrnxn
1 − βn
= αn+1
1 − βn+1 f (xn+1)−
αn
1 − βn f (xn)
+ γn+1
1 − βn+1 (Trn+1xn+1 − Trn+1xn)+ Trn+1xn
− Trnxn +
αn
1 − βn Trnxn −
αn+1
1 − βn+1 Trn+1xn.
It follows that
‖yn+1 − yn‖ − ‖xn+1 − xn‖
 αn+1
1 − βn+1
(∥∥f (xn+1)∥∥+ ‖Trn+1xn‖)+ αn1 − βn
(∥∥f (xn)∥∥+ ‖Trnxn‖)
+ γn+1
1 − βn+1 ‖Trn+1xn+1 − Trn+1xn‖
+ ‖Trn+1xn − Trnxn‖ − ‖xn+1 − xn‖
 αn+1
1 − βn+1
(∥∥f (xn+1)∥∥+ ‖Trn+1xn‖)+ αn1 − βn
(∥∥f (xn)∥∥+ ‖Trnxn‖)
+ ‖Trn+1xn − Trnxn‖. (5)
If rn+1 > rn, since J˜ is a semigroup, we have by (UARC)
‖Trn+1xn − Trnxn‖ = ‖Trn+1−rnTrnxn − Trnxn‖ → 0.
Interchanging rn+1 and rn if rn+1 < rn. Similarly we can obtain ‖Trn+1xn − Trnxn‖ → 0.
Thus it follows from (5) that
lim sup
n→∞
(‖yn+1 − yn‖ − ‖xn+1 − xn‖)= 0.
Hence, by Lemma 2, we have
lim
n→∞‖yn+1 − yn‖ = 0.
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lim
n→∞‖xn+1 − xn‖ = 0. (6)
Step 3. For each fixed s ∈ G, ‖Tsxn − xn‖ → 0. Indeed,
‖xn+1 − Trnxn‖ =
∥∥αn(f (xn)− Trnxn)∥∥+ βn‖xn − Trnxn‖
 αn
∥∥f (xn)− Trnxn∥∥+ βn‖xn+1 − xn‖
+ βn‖xn+1 − Trnxn‖, (7)
and so, by (C1), (ii), (6) and (7), we have
‖xn − Trnxn‖ → 0. (8)
Let C˜ be any bounded subset of C which contains the sequence {xn}. It follows that
‖Tsxn − xn‖ ‖Tsxn − TsTrnxn‖ + ‖TsTrnxn − Trnxn‖ + ‖Trnxn − xn‖
 2‖Trnxn − xn‖ + sup
x∈C˜
‖TsTrnx − Trnx‖.
So (UARC) and (8) imply that
‖Tsxn − xn‖ → 0. (9)
Step 4. lim supn→∞〈(I − f )Q(f ), J (Q(f ) − xn+1)〉  0. Let a subsequence {xnj } of {xn} be
such that xnj+1 ⇀q and
lim
j→∞
〈
(I − f )Q(f ), J (Q(f )− xnj+1)〉= lim sup
n→∞
〈
(I − f )Q(f ), J (Q(f )− xn+1)〉.
It follows from (9) that limj→∞ ‖xnj+1 −Tsxnj+1‖ = 0. Hence, by Lemma 3, we have q ∈ F .
On the other hand, since Q(f ) ∈ F satisfies〈
(I − f )Q(f ), J (Q(f )− p)〉 0, f ∈ ΠC, p ∈ F,
by weakly sequentially continuity of duality mapping, we have
lim sup
n→∞
〈
(I − f )Q(f ), J (Q(f )− xn+1)〉
= lim
j→∞
〈
(I − f )Q(f ), J (Q(f )− xnj+1)〉
= 〈(I − f )Q(f ), J (Q(f )− q)〉 0.
Step 5. limn→∞ ‖xn −Q(f )‖ = 0. Apply Lemma 1 to get∥∥xn+1 −Q(f )∥∥2
= ∥∥αnf (xn)+ βnxn + γnTrnxn −Q(f )∥∥2

∥∥βn(xn −Q(f ))+ γn(Trnxn −Q(f ))∥∥2
+ 2αn
〈
f (xn)−Q(f ), J
(
xn+1 −Q(f )
)〉

(
βn
∥∥xn −Q(f )∥∥+ γn∥∥Trnxn −Q(f )∥∥)2
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f (xn)− f
(
Q(f )
)
, J
(
xn+1 −Q(f )
)〉
+ 2αn
〈
f
(
Q(f )
)−Q(f ), J (xn+1 −Q(f ))〉
 (1 − αn)2
∥∥xn −Q(f )∥∥2 + 2ααn∥∥xn −Q(f )∥∥∥∥xn+1 −Q(f )∥∥
+ 2αn
〈
f
(
Q(f )
)−Q(f ), J (xn+1 −Q(f ))〉
 (1 − αn)2
∥∥xn −Q(f )∥∥2 + ααn(∥∥xn −Q(f )∥∥2 + ∥∥xn+1 −Q(f )∥∥2)
+ 2αn
〈
f
(
Q(f )
)−Q(f ), J (xn+1 −Q(f ))〉.
It then follows that∥∥xn+1 −Q(f )∥∥2  1 − (2 − α)αn + α2n1 − ααn
∥∥xn −Q(f )∥∥2
+ 2αn
1 − ααn
〈
f
(
Q(f )
)−Q(f ), J (xn+1 −Q(f ))〉
 1 − (2 − α)αn
1 − ααn
∥∥xn −Q(f )∥∥2 + α2n1 − ααnM
+ 2αn
1 − ααn
〈
f
(
Q(f )
)−Q(f ), J (xn+1 −Q(f ))〉, (10)
where M = supn0 ‖xn −Q(f )‖2. Put
sn = 2(1 − α)αn1 − ααn ,
and
tn = Mαn2(1 − α) +
1
1 − α
〈
f
(
Q(f )
)−Q(f ), J (xn+1 −Q(f ))〉.
From (i), (ii), it follows that sn → 0, ∑∞n=1 sn = ∞ and lim supn→∞ tn  0. Then (10) reduces
to ∥∥xn+1 −Q(f )∥∥2  (1 − sn)∥∥xn −Q(f )∥∥2 + sntn,
from Lemma 4, we conclude that limn→∞ ‖xn −Q(f )‖ = 0. This completes the proof. 
Now we study the existence of Q(f ) which solves the variational inequality〈
(I − f )Q(f ), J (Q(f )− p)〉 0, f ∈ ΠC, p ∈ F.
Let a contractive mapping f ∈ ΠC and {αs}s∈G be a net in the interval (0,1) such that
lims→∞ αs = 0. By Banach’s contraction principle, for each s ∈ G, we have a unique point
zs ∈ C satisfying the equation
zs = αsf (zs)+ (1 − αs)Tszs . (11)
Theorem 2. Let X be a reflexive Banach space with a uniformly Gâteaux differentiable norm.
Suppose that every weakly compact convex subset of X has the fixed point property for non-
expansive mappings. Let C be a nonempty closed convex subset of X. Assume J˜ is uniformly
asymptotically regular on bounded subsets of C; that is, for each bounded subset C˜ of C and
each r ∈ G, there holds
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x∈C˜
‖TrTsx − Tsx‖ = 0, uniformly in s ∈ G.
Then the net {zs} defined by (11) converges strongly to a point in F . If we define Q :ΠC → F by
Q(f ) = lim
s→∞ zs, f ∈ ΠC,
then Q(f ) solves the variational inequality〈
(I − f )Q(f ), J (Q(f )− p)〉 0, f ∈ ΠC, p ∈ F. (12)
In particular, if f = u ∈ C is a constant, then the limit (12) defines the sunny nonexpansive
retraction Q from C to F ,〈
Q(u)− u,J (Q(u)− p)〉 0, u ∈ C, p ∈ F.
Proof. We observe that {zs} is bounded. Indeed, for p ∈ F , we have
‖zs − p‖ αs
∥∥f (zs)− p∥∥+ (1 − αs)‖Tszs − p‖
 ααs‖zs − p‖ + αs
∥∥f (p)− p∥∥+ (1 − αs)‖zs − p‖.
This implies that ‖zs − p‖  11−α ‖f (p) − p‖ and {zs} is bounded. Thus ‖zs − Tszs‖ → 0
(s → ∞). Let {sn} be a subsequence of G such that limn sn = ∞. Next we define a function g
on C by
g(x) := LIM
n
‖zsn − x‖2, x ∈ C,
where LIM is a Banach limit. We have for each r ∈ G,
g(Trx) = LIM
n
‖zsn − Trx‖2 = LIMn ‖TrTsnzsn − Trx‖
2  LIM
n
‖Tsnzsn − x‖2
= LIM
n
‖zsn − x‖2.
Therefore,
g(Trx) g(x), r ∈ G, x ∈ C. (13)
Let K = {x ∈ C: g(x) = minC g}. Then it is seen that K is closed bounded convex nonempty
subset of C. By (13), we see that K is invariant under each Tr ; i.e., Tr(K) ⊂ K . By Lim [16], the
family J˜ = {Ts : s ∈ G} has a common fixed point, i.e., K ∩F = ∅. Let q ∈ K ∩F . By Lemma 5,
we have
LIM
n
〈
x − q,J (zsn − q)
〉
 0, x ∈ C.
In particular,
LIM
n
〈
f (q)− q,J (zsn − q)
〉
 0, x ∈ C. (14)
On the other hand, by (11) we have
zn − q = (1 − αn)(Tnzn − q)+ αn
(
f (zn)− q
)
,
where zn = zsn, αn = αsn and Tn = Tsn . It follows that for q ∈ F ,
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〈
Tnzn − q,J (zn − q)
〉+ αn〈f (zn)− q,J (zn − q)〉
 αn
〈
f (zn)− q,J (zn − q)
〉+ (1 − αn)‖zn − q‖2.
Hence
‖zn − q‖2 
〈
f (zn)− f (q), J (zn − q)
〉+ 〈f (q)− q,J (zn − q)〉. (15)
Hence by (14), for x ∈ C,
LIM
n
‖zn − q‖2  α LIM
n
‖zn − q‖2.
Hence
LIM
n
‖zn − q‖2 = 0.
So we have a subsequence {znj } of {zn} such that znj → q . Assume there exists another subse-
quence {zmk } of {zn} such that zmk → q1. It follows from (15) that
‖q1 − q‖2 
〈
f (q1)− q,J (q1 − q)
〉
. (16)
Interchange q and q1 to obtain
‖q − q1‖2 
〈
f (q)− q1, J (q − q1)
〉
. (17)
Adding up (16) and (17) obtains q = q1. Therefore {zs} converges to a point in F .
Define Q :ΠC → F by
Q(f ) = lim
s→∞ zs, f ∈ ΠC.
Since zs = αsf (zs)+ (1 − αs)Tszs , we have
(I − f )zs = −1 − αs
αs
(I − Ts)zs .
Hence for p ∈ F ,〈
(I − f )zs, J (zs − p)
〉= −1 − αs
αs
〈
(I − Ts)zs − (I − Ts)p,J (zs − p)
〉
 0.
Letting s → ∞ yields〈
(I − f )Q(f ), J (Q(f )− p)〉 0.
If f = u is a constant, then〈
Qu− u,J (Qu− p)〉 0.
Therefore Q is a sunny nonexpansive retraction from C to F . This completes the proof. 
As an immediate consequence of Theorems 1 and 2, we have the following result.
Theorem 3. Let X be a reflexive Banach space with a uniformly Gâteaux differentiable norm.
Suppose that every weakly compact convex subset of X has fixed point property for nonexpansive
mappings and X has a weakly sequentially continuous duality mapping. Let C be a nonempty
closed convex subset of X. Let {αn}, {βn} and {γn} are three sequences in (0,1) and {rn} is a
sequence in G. Let {αn} satisfies the control conditions (C1), (C2). Assume
(i) αn + βn + γn = 1;
(ii) 0 < lim infn→∞ βn  lim supn→∞ βn < 1;
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(iv) J˜ is a semigroup (i.e., TrTs = Tr+s for r, s ∈ G) and satisfies the uniformly asymptotically
regularity condition
lim
r∈G,r→∞ sup
x∈C˜
‖TsTrx − Trx‖ = 0, uniformly in s ∈ G,
where C˜ is any bounded subset of C. Then the sequence {xn} generated by (2) converges strongly
to Q(f ) ∈ F , where Q(f ) is a solution of the variational inequality〈
(I − f )Q(f ), J (Q(f )− p)〉 0, f ∈ ΠC, p ∈ F.
Proof. The result follows from Theorems 1 and 2. This completes the proof. 
Corollary 1. Let X be a uniformly smooth Banach space with a weakly sequentially continuous
duality mapping. Let C be a nonempty closed convex subset of X. Let {αn}, {βn} and {γn} are
three sequences in (0,1) and {rn} is a sequence in G. Let {αn} satisfies the control conditions
(C1), (C2). Assume
(i) αn + βn + γn = 1;
(ii) 0 < lim infn→∞ βn  lim supn→∞ βn < 1;
(iii) rn → ∞;
(iv) J˜ is a semigroup (i.e., TrTs = Tr+s for r, s ∈ G) and satisfies the uniformly asymptotically
regularity condition
lim
r∈G,r→∞ sup
x∈C˜
‖TsTrx − Trx‖ = 0, uniformly in s ∈ G,
where C˜ is any bounded subset of C. Then the sequence {xn} generated by (2) converges strongly
to Q(f ) ∈ F , where Q(f ) is a solution of the variational inequality〈
(I − f )Q(f ), J (Q(f )− p)〉 0, f ∈ ΠC, p ∈ F.
Note that in Hilbert space H , the nearest point projection P of C onto F is a sunny nonex-
pansive retraction and the duality mapping is the identity mapping. We have the following results
from Theorems 1 and 2.
Corollary 2. Let H be a Hilbert space and C be a nonempty closed convex subset of H . As-
sume J˜ is a semigroup (i.e., TrTs = Tr+s for r, s ∈ G) and satisfies the uniformly asymptotically
regularity condition
lim
r∈G,r→∞ sup
x∈C˜
‖TsTrx − Trx‖ = 0, uniformly in s ∈ G,
where C˜ is any bounded subset of C. Then the net {zs} defined by (11) converges strongly to a
point in F . If we define P :ΠC → F by
P(f ) = lim
s→∞ zs, (18)
then P(f ) is the unique solution of the variational inequality
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(I − f )P (f ), J (P(f )− p)〉 0, f ∈ ΠC, p ∈ F.
In particular, if f = u ∈ C is a constant, then (18) reduces to the nearest point projection from
C onto F ,〈
P(u)− u,P (u)− p〉 0, u ∈ C, p ∈ F.
Corollary 3. Let H be a Hilbert space and C be a nonempty closed convex subset of H . Let
{αn}, {βn} and {γn} are three sequences in (0,1) and {rn} is a sequence in G. Let {αn} satisfies
the control conditions (C1), (C2). Assume that
(i) αn + βn + γn = 1;
(ii) 0 < lim infn→∞ βn  lim supn→∞ βn < 1;
(iii) rn → ∞;
(iv) J˜ is a semigroup (i.e., TrTs = Tr+s for r, s ∈ G) and satisfies the uniformly asymptotically
regularity condition:
lim
r∈G,r→∞ sup
x∈C˜
‖TsTrx − Trx‖ = 0, uniformly in s ∈ G,
where C˜ is any bounded subset of C. Then the sequence {xn} generated by (2) converges strongly
to P(f ) ∈ F , where P(f ) is the unique solution of the variational inequality〈
(I − f )P (f ), J (P(f )− p)〉 0, f ∈ ΠC, p ∈ F.
Let D be a subset of a Banach space X. Recall that a mapping T :D → E is said to be firmly
nonexpansive, if, for each x and y in D, the convex function φ : [0,1] → [0,∞) defined by
φ(s) = ∥∥(1 − t)x + tT x − ((1 − t)y + tT y)∥∥,
is nonincreasing. Since φ is convex, it is easy to check that a mapping T :D → X is firmly
nonexpansive if and only if
‖T x − Ty‖ ∥∥(1 − t)(x − y)+ t (T x − Ty)∥∥,
for each x and y in D and t ∈ [0,1]. It is clear that every firmly nonexpansive mapping is
nonexpansive.
Corollary 4. Let X be a uniformly smooth Banach space with a weakly sequentially continuous
duality mapping. Let C be a nonempty closed convex subset of X. Let {Ts}s∈G be a commutative
family of firmly nonexpansive mappings. Assume J˜ is a semigroup (i.e., TrTs = Tr+s for r, s ∈ G)
and satisfies the uniformly asymptotically regularity condition
lim
r∈G,r→∞ sup
x∈C˜
‖TsTrx − Trx‖ = 0, uniformly in s ∈ G,
where C˜ is any bounded subset of C. Then the net {zs} generated by (11) converges strongly to
Q(f ) ∈ F , where Q(f ) is a solution of the variational inequality〈
(I − f )Q(f ), J (Q(f )− p)〉 0, f ∈ ΠC, p ∈ F.
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